We analyze the stellar growth of Brightest Cluster Galaxies (BCGs) produced by cosmological zoom-in hydrodynamical simulations of the formation of massive galaxy clusters. The evolution of the stellar mass content is studied considering different apertures, and tracking backwards either the main progenitor of the z = 0 BCG or that of the cluster hosting the BCG at z = 0. Both methods lead to similar results up to z ≃ 1.5. The simulated BCGs masses at z = 0 are in agreement with recent observations. In the redshift interval from z = 1 to z = 0 we find growth factors 1.3, 1.6 and 3.6 for stellar masses within 30kpc, 50kpc and 10% of R 500 respectively. The first two factors, and in general the mass evolution in this redshift range, are in agreement with most recent observations. The last larger factor is similar to the growth factor obtained by a semi-analytical model (SAM). Half of the star particles that end up in the inner 50 kpc was typically formed by redshift ∼ 3.7, while the assembly of half of the BCGs stellar mass occurs on average at lower redshifts ∼ 1.5. This assembly redshift correlates with the mass attained by the cluster at high z 1.3, due to the broader range of the progenitor clusters at high-z. The assembly redshift of BCGs decreases with increasing apertures. Our results are compatible with the insideout scenario. Simulated BCGs could lack intense enough star formation (SF) at high redshift, while possibly exhibit an excess of residual SF at low redshift.
INTRODUCTION
A brightest cluster galaxy (BCG) is defined as the most optically luminous galaxy in a cluster. BCGs are found at or near the cluster centre, and they are characterized by several properties that distinguish them from other bright galaxies (e.g. Von Der Linden et al. 2007; Bernardi 2009 ). At the most basic level, it was recognized more than 40 years ago that the BCG population is inconsistent with the global luminosity function of galaxies (see Tremaine & Richstone 1977 , and references therein). It seems therefore natural to ⋆ E-mail: cin@oac.unc.edu.ar consider peculiar formation paths for these impressive objects.
In particular, two processes specifically related to the BCGs central position, could in principle contribute significantly to the mass growth at relatively late times, once their host halos are virialized. These are cooling flows (Cowie & Binney 1977; Fabian & Nulsen 1977) and galactic cannibalism (Ostriker & Tremaine 1975; White 1976) . Cooling flows refer to the sinking of hot intra cluster medium (ICM) toward the center of the potential well, due to radiative cooling and consequent decrease of pressure support. Unless some heating mechanism completely counterbalances the radiative losses, cooling flows could drive to the BCG region star forming gas at important rates, well exceeding hundreds of M ⊙ yr −1 . However, starting from the early 2000s, spatially-resolved X-ray spectroscopic studies with XMM-Newton and Chandra showed that local galaxy clusters lack signatures of the huge cooling flows predicted by classical models (e.g. Peterson et al. 2003) . This cooling flow problem has been one of the main motivations to include a treatment of super massive black hole (SMBH) growth and of the associated feedback in models of galaxy formation, both semi-analytic (e.g. Granato et al. 2004; Croton et al. 2006; Bower et al. 2006 ) and based on simulations (e.g. Sijacki et al. 2007 ). Galactic cannibalism is instead the merging with satellite galaxies. It is caused by dynamical friction which gradually sinks galaxies toward the cluster central region. Since the process timescale is inversely proportional to the satellite mass, it promotes preferential accretion of massive satellites. Most recent models ascribe to this effect the bulk of the BCGs mass growth after z ∼ 1. According to these models, the mergers are expected to be dry, i.e. gas poor and involving negligible star formation. However, the predicted growth seems to be somewhat larger than observed. This possible tension could be worsened by recent claims, based on FIR data, that BCGs exhibit a star formation activity at z 1 more significant than previously thought, and thus contributing in a non-negligible way to their late mass growth (Bonaventura et al. 2017) .
During the last decade, the increasing availability of relatively large samples of galaxy clusters up to z = 1-1.5 has triggered plenty of studies on the "late" mass growth of BCGs. However the published results are quite contradictory. Some of these works claim for little or no change since z ∼ 1 (Whiley et al. 2008; Zhang et al. 2016 , see also Collins & Mann 1998) or since z ∼ 1.5 (Collins et al. 2009; Stott et al. 2010) , while others find a growth factor of ∼ 2 between z = 1 and z = 0 and suggest a stall at z 0.5 (Lidman et al. 2012; Lin et al. 2013; Bellstedt et al. 2016; Lin et al. 2017) . However, this lack of consensus could arrive at least in part from the different methods that are used to estimate the mass of the BCGs and also from dissimilarities in the sample selection. Most recent work apply some selection criteria at different redshift in such a way that samples at different redshift mimic as much as possible an evolutionary sequence.
A different approach used to estimate the fraction of BCG growth due to mergers is based on counting the number of close galaxies that can be expected to merge with them before the present epoch. A few assumptions are required to perform these estimates. Projection effects need to be accounted for as well as the fraction of stars that are stripped to the Intra Cluster Light (ICL) component during the mergers. Also the merger timescale is uncertain (Liu et al. 2009 ). Results of simulations are usually employed to get constraints on these points. The first two of them, when not taken into account, can in principle lead to overestimate the growth. On the other hand, these estimates do not include the mass growth due to star formation, in some cases consider only major mergers (e.g. Liu et al. 2009; McIntosh et al. 2008) , and in others do not evaluate the contribution of galaxies which are not close to the BCG at the epoch of observation (e.g. Edwards & Patton 2012; Burke et al. 2015) . For these latter reasons they should be considered as lower limit to the total growth.
From a theoretical point of view, most studies on the mass evolution of BCGs have been performed by means of semi-analytic models (SAM) of galaxy formation. The general trend has been in the sense of a downward revision of the mass growth between z = 1 and z = 0, likely driven by the data suggesting less evolution than early predictions. The first specific estimates were presented by Aragon-Salamanca et al. (1998) , using both the Durham as well as the Munich SAM at the time (Baugh et al. 1996; Kauffmann & Charlot 1998, respectively) . When adopting the then standard Ω m = 1 CDM cosmological model, the predicted growth factor was in both cases ∼ 4. However in that cosmological model the development of cosmic structures is delayed with respect to the ΛCDM, which became standard a few years later. However, De Lucia & Blaizot (2007) still found an average growth of a factor ∼ 3 for BGCs in their much later rendition of the Munich SAM. This model was run on merger trees extracted from the Millenium ΛCDM simulation ) and included also cooling flow suppression due to AGN feedback, in order to limit their late growth. However, analyzing a quite similar version of the Munich SAM, Tonini et al. (2012) found that BCGs increase their masses by a factor of 2-3 since z ∼ 1.6, and that most of this growth occurs at z 1.
A possible limitation in studies of BCGs formation with SAMs could be that in this theoretical technique their peculiarity is imposed by construction. Indeed the fact that shock heated gas cools radiatively and condenses only onto central galaxies is one of the assumptions of these models.
Moreover, usually only mergers between central galaxies and satellites are taken into account, neglecting satellitesatellite mergers. Furthermore, SAMs lack detailed spatial information on the model galaxy, apart from some analytical estimate of typical scale-length and an assumed density profile. Therefore their true prediction is the "total" masses of galaxies. This is what usually has been compared with observations, which instead estimate masses (from luminosities) within a given aperture (see discussion in Whiley et al. 2008 and also Section 3.2.2). A somewhat related problem is that only very recently a treatment of the formation and evolution of the intracluster light (ICL) begun to be included in SAMs. This slows down the late z 1 BCGs mass growth, by decreasing progressively the masses of accreting satellites (Contini et al. 2014 ; see also Monaco et al. 2006) .
A different modeling method to study the late mass growth of BCGs has been employed by Dubinski (1998) , albeit adopting a closed CDM cosmological model, and more recently by Ruszkowski & Springel (2009) and Laporte & White (2015) . In this approach, gravity only simulations are employed. Below a certain redshift z ∼ 2, the dark matter subhalos are populated by stellar systems with properties matching as much as possible real galaxies, and the simulation is continued down to z = 0. Another scheme, also based on pure N-body simulations, has been employed by Laporte et al. (2013) . In this case at z = 2 the simulation particles are weighted to represent realistic stellar density profiles for the initial galaxies, and the subsequent evolution of "galaxies" is analyzed adopting these weights. In both cases, the underlying assumption is that the assembly of the inner regions of galaxy clusters is only driven by dry mergers. Some observations (e.g. Cooke et al. 2016) could support such hypothesis at z 1. However several other indications point to a different view, in particular at z 0.5, wherein the gas component, the associated star formation and SMBH activity still have a significant role (Tran et al. 2010; Santos et al. 2015; McDonald et al. 2015; Bonaventura et al. 2017) .
In conclusion, a comprehensive theoretical description of BCGs formation calls for hydrodynamical simulations in a cosmological context, such as those we use in the present work. To the best of our knowledge, there are no specific studies based on cosmological hydrodynamical simulations devoted to investigate the mass growth of BCGs. However Martizzi et al. (2016) , in a more general study dedicated to the evolution of the baryonic component in AMR simulations of 10 galaxy clusters with M vir ≃ 10 14 M ⊙ , reported a moderate mass growth 2 within 50 kpc since z = 1.
The paper is organized as follows: in Section 2 we give a brief description of the simulated clusters and of the analysis methods. In Section 3 we present and discuss our results which are then summarized in Section 4.
METHOD

The Simulated Clusters
We re-run and analyze zoom-in simulations for the formation of massive galaxy clusters, from a set of initial conditions already presented in previous papers. We describe briefly in this section the main aspects of these simulations, focusing on the differences with respect to previous runs. We refer the reader mostly to Ragone-Figueroa et al. (2013) for further numerical details.
We simulate 24 zoomed-in Lagrangian regions with a custom version of the GADGET-3 code . These regions have been selected from a parent gravity only simulation of a 1 h −1 Gpc box, and surround all the 24 dark matter halos with final M 200 > 8 × 10 14 h −1 M ⊙ 1 . Each region was re-simulated at higher resolution including baryonic physics. The adopted cosmological parameters are: Ω m = 0.24, Ω b = 0.04, n s = 0.96, σ 8 = 0.8 and H 0 = 72 km s −1 Mpc −1 .
The mass resolution for the DM and gas particles is m DM = 8.47 × 10 8 h −1 M ⊙ and m gas = 1.53 × 10 8 h −1 M ⊙ , respectively. For the gravitational force, a Plummer-equivalent softening length of ǫ = 5.6 h −1 kpc is used for DM and gas particles, whereas ǫ = 3 h −1 kpc for black hole and star particles. The DM softening length is kept fixed in comoving coordinates for z > 2 and in physical coordinates at lower redshift.
We used the SPH formulation by Beck et al. (2016) , that includes artificial thermal diffusion and a higher-order interpolation kernel, which improves the standard SPH performance in its capability of treating discontinuities and following the development of gas-dynamical instabilities.
Our set of simulations include a treatment of all the unresolved baryonic processes usually taken into account in galaxy formation simulations. For details on the adopted implementation of cooling, star formation (SF), and associated feedback, we refer the reader to Ragone-Figueroa et al. (2013) . In brief, the model of SF is an updated version of the implementation by Springel & Hernquist (2003) , in which gas particles with a density above 0.1 cm −3 and a temperature below 2.5 × 10 5 K are classified as multiphase. Multiphase particles comprise a cold and a hot-phase, in pressure equilibrium. The cold phase is the star formation reservoir. Metallicity dependent cooling is implemented following the approach by Wiersma et al. (2009) . The production of metals is followed according to the model of stellar evolution originally implemented by Tornatore et al. (2007) .
A full account of the AGN feedback model can be found in Appendix A of Ragone-Figueroa et al. (2013) . The main difference introduced here with respect to that work is the distinction between a cold mode and a hot mode gas accretion. This was inspired by the result of high resolution AMR simulations of the gas flowing to SMBHs (Gaspari et al. 2013) . In practice, we apply the formula for the α-modified Bondi accretion rate to the hot and cold gas components separately;
( 1) where M BH is the BH mass, v BH its velocity relative to the surrounding gas bulk motion, c s is the sound velocity of the gas sorrounding the BH and ρ its density. The threshold between the two gas components is set at T = 5×10 5 K, and the adopted values of the fudge factor α are 100 and 10 respectively, as suggested by the results of Gaspari et al. (2013) . We also introduced a small modification which substantially improves the association of SMBH particles with the stellar system in which they were first seeded, with respect to all previous versions of our simulations based on the same set of initial conditions. As detailed in Ragone-Figueroa et al. (2013) , this is mostly attained by moving at each time-step the SMBH at the position of the most bound particle within its softening length. However now the search of the minimum is done taking into account only those particles whose velocity differs less than a given limiting value from the BH velocity. This is to avoid jumps of the SMBH from its original stellar system to another one during a close flyby. After carrying out a number of numerical experiments, we verified that threshold relative velocities between 100 and 200 km/s do the best job, at least at the present resolution. These values are all but surprising, since they are of the same order of the velocity dispersion of stars in galaxies, but much smaller than the velocity dispersion of galaxies in a cluster. A fraction ǫ r of the energy associated to the gas mass accreting onto the SMBH is assumed to be radiated away, and a fraction ǫ f of this radiation is then thermally coupled to the surrounding gas. These parameters are calibrated to reproduce the observed scaling relations of SMBH mass in spheroids. Here we set ǫ r = 0.07 and ǫ f = 0.1. We also assume a transition from a quasar mode to a radio mode AGN feedback when the accretion rate becomes smaller than a given limit, M BH / M E dd = 10 −2 . In radio mode we increase the feedback efficiency ǫ f to 0.7. 
Cluster selection and BCGs identification
The identification of host clusters has been done by running a FoF algorithm in the high resolution regions, which links DM particles using a linking length of 0.16 times the mean inter-particle separation. The main body of this work is done using the 24 central clusters of the resimulated regions mentioned above. These massive clusters have masses at present time 0.7 M 500 /10 15 M ⊙ 2.6, with a median of ∼ 1.2 × 10 15 M ⊙ . Only in Section 3.1 do we expand the cluster sample to 48 by selecting the two most massive clusters in each Lagrangian region. In this case the mass range is 0.03 M 500 /10 15 M ⊙ 2.6 and the median ∼ 7 × 10 14 M ⊙ .
The center of BCGs at z = 0 is associated with the position of the particle with minimum potential in the main subhalo of the cluster, as identified by Subfind (Dolag et al. 2009 ). This main subhalo contains, besides the star particles that compose the BCG, all particles that were not associated to any other subhalo.
We consider two possibilities to follow back in time the BCG mass assembly. In the first one we search for its main progenitor from one output snapshot to the previous one, along our sequence of snapshots equally spaced in expansion factor, with δa ≃ 10 −2 . However it may happen that the main progenitor of the z = 0 BCG is not a BCG at higher redshift, with increasing probability for this to happen at higher redshift. This possibility has to be evaluated when confronting with observational estimates of BCG growth factors. Indeed the latter are performed by comparing masses of BCGs selected at different redshifts, from clusters that approximate as well as possible an evolutionary sequence. In this case a more proper comparison with the simulations can be done by considering the assembly history of the BCG in the main progenitor of the cluster. In practice, for our sample of simulations the two choices give on average almost indistinguishable results up to z ∼ 2, which safely exceeds the redshift for which data are available (see Section 3.2.2).
Definitions of BCG masses
In this work we compute BCG masses within spherical radii of 30kpc, 50kpc and 0.1R 500 . From now on, we refer to these masses as M30, M50 and M10% respectively. The purpose of using different mass definitions is to study the dependence of results on the way mass is computed.
Masses measured within fixed physical radii has been often advocated and employed, in order to cleanly compare models with observations (e.g. Kravtsov et al. 2014 ). This point is particularly delicate for BCGs, due to the ill defined transition to the ICL. It is worth pointing out that according to Stott et al. (2010) , BCG luminosities obtained within a 50 kpc aperture differ from those computed with MAG_AUTO by less than 5%. MAG_AUTO uses a kron-like aperture and is often present in observational analyses.
On the other hand, in analyzing simulations a practical, albeit not well justified, choice has been often to define as galaxy the baryonic component within a certain fraction of the virial radius (e.g. Scannapieco et al. 2012 ). On the observational side Kravtsov et al. (2014) evaluate masses of BCGs within 10% of R 500 . It is therefore interesting to consider also the mass contained within this radius. In our sample of massive clusters, 0.1R 500 amounts on average to 160, 60 and 20 physical kpc at redshift 0, 1 and 2 respectively. Therefore it is the largest aperture we consider typically up to redshift ∼ 1.2. We anticipate that we find a striking similarity between the evolution of M10% in our simulations and that predicted for the total mass by the De Lucia & Blaizot (2007) SAM (Section 3.2.2).
RESULTS
BCG mass vs. Halo Mass at z=0
Considering that galaxies evolve within their host dark matter halos, it is expected a connection between the stellar mass of central galaxies and the host halo mass. This correlation has been studied in both observational (e.g. Stott et al. 2012 , Kravtsov et al. 2014 , Bellstedt et al. 2016 ) and theoretical works (e.g. Stott et al. 2012 , Pillepich et al. 2017 , Bahé et al. 2017 .
In Fig. 1 we use our extended sample of 48 clusters to compare the relationship between simulated BCG and halo masses at redshift zero with results from both observations and other numerical works. The left and right panels show masses measured within 30 and 50 projected kpc respectively. We find, for the same halo mass, BCG stellar masses smaller by a factor 2 to 3 than those obtained by other state of the art hydrodynamical simulations, such as IllustrisTNG (Pillepich et al. 2017 ) and EAGLE (Bahé et al. 2017) . As a consequence of the smaller masses, our BCGs turn out to be in better agreement with the observational estimates (Zhang et al. 2016; Kravtsov et al. 2014; Gonzalez et al. 2013) . The smaller BCG masses in our simulations could be due to our coarser resolution. However we point out that we run a few test cases with mass resolution improved by a factor 3, obtaining relatively stable BCG stellar masses within ∼ 10% and, more importantly, lacking a systematic trend for a mass increase or decrease as resolution is improved. Moreover, several other recent studies, most of which are characterized by a resolution similar to our own, over-predict anyway the present-day BCG stellar masses, even including AGN feedback (see discussion in Ragone-Figueroa et al. 2013) . Bahé et al. (2017) as well as Ragone-Figueroa et al. (2013) suggested that this longstanding problem could be resolved by more realistic AGN feedback models, which should be more efficient at expelling gas from massive halos at high redshift. In our case, most of the improvement with respect to Ragone-Figueroa et al. (2013) is due to a better control on the SMBH centering in the host galaxy (see end of Section 2.1). This numerical issue becomes particularly severe for cluster simulations, due to the frequent dynamical disturbances and mergers. For a discussion of different proposed BH advection algorithms see Wurster & Thacker (2013) . It is also important to point out that we find even more stable results for the growth factors of the BCGs at z 1.5, that is for their mass as a function of z normalized to the final value, which is the main topic of the present paper.
BCG mass evolution
The process of galaxy formation is affected by merger events, albeit their relative importance and nature have still to be fully clarified. Therefore, in the study of the formation history of a galaxy, it is important to distinguish between the epoch at which its stars are born somewhere and the epoch at which they are assembled into a single galaxy. There are good theoretical reasons to believe that this distinction is particularly relevant for BCGs, as we briefly anticipated in Section 1. In order to keep the distinction as clear as possible, in the following we will refer to the former history as creation history and to the latter one as assembly history. 
Creation and Assembly Times
We define assembly redshift z a the redshift at which half of the final BCG stellar mass was assembled, and creation redshift z c the redshift at which half of its stellar mass was created. The median values of the distributions of z a and z c for M30, M50 and M10% are reported in Table 1 , both considering the BGC that resides in the main progenitor of the z = 0 cluster as well as the main progenitor of the z = 0 BCG. Note that the values of z c are by definition identical in both cases. For the BCG progenitor case, the distributions of z a and z c are shown in Fig. 2 for M50. We find that both z a and z c depend on the aperture that was used to measure the mass. From Table 1 we see that the larger the aperture, the lower are both z a and z c . The former dependence suggests that the star particles in the outskirts are assembled later, as stated by the insideout growth scenario (e.g. van Dokkum et al. 2010; Bai et al. 2014) , while the latter indicates that they also tend to be younger.
As for M50 Fig. 2 shows that half of the star particles that end up in the BCG at z = 0 formed rapidly in a time interval ∼ 1.5Gyr. Indeed, these star particles were typically already formed by z ∼ 3.7. Instead the assembly times z a have a much broader distribution spanning a range of ∼ 8Gyr with a median assembly time at z a ∼ 1.5.
In Fig. 3 we see a clear positive correlation with a Pearson coefficient of 0.65 between the assembly time and the cluster mass at high z. Here in particular the cluster mass is calculated at z = 2, but the correlation is still present down to z ∼ 1.3, albeit weaker. This can be understood taking into account that our complete sample of massive clusters features a relatively narrow range of masses of about 0.5 dex at z = 0, while the corresponding range at z = 2 covers about 1.5 dex. Therefore the clusters that were less massive at high redshift have grown much more up to z = 0 than those that were more massive. The same has to be true for their BCG, provided that there is a link between the evolution of the BCG and its host cluster. This translates into a later (lower) BCG assembly time (redshift), defined as the time (redshift) at which half of the final mass was assembled. Fig. 4 shows the evolution of both the assembled and created M50 mass for one of our simulated BCGs (solid and dashed line respectively). In this particular case half of the stellar mass that ends up at redshift zero within the central 50 kpc, has already been created at z c ∼ 3 (right arrow), while the assembly of half of the mass occurs at z a ∼ 0.8 (left arrow).
Creation and Assembly Mass Histories
Information similar to that shown in Fig. 4 , but in a statistical sense for the whole cluster sample, is shown in 5. In this case we show the median assembled and created mass history (blue solid and red dashed lines respectively) of both the main progenitor of the z = 0 BCGs (left panels), and of the BGC residing in the main progenitor of the z = 0 cluster (right panels), as discussed in Section 3.1. The shaded regions enclose the 16% and 84% percentiles of the mass distribution at each redshift.
Complementary information is given in Table 2 where we report growth factors of M30, M50 and M10% for our sample of BGCs from z = 2 and z = 1 to z = 0. They are computed in different ways. As already mentioned, we can follow either the main progenitor of the final cluster (first and third rows), or the BCG in the main progenitor of the final BCG (second and fourth rows). In addition, we can compute either the median of the growth factors for individual BCG (columns with header MGF; see also Fig. 8 ) or the growth factor of the median mass at each redshift (columns GMM; obtained from Fig. 5 ). Note that the quantities that should be compared to estimates from observational data are the GMM of the main progenitor cluster, reported in boldface in the table. This is because observational analyses usually compute the ratio between the typical masses of BCGs residing in cluster samples selected around two different redshifts. Moreover, at least in the optimum cases, the cluster masses are chosen at different redshifts in order to approximate as much as possible an evolutionary sequence (e.g. Lin et al. 2013; Bellstedt et al. 2016) .
The first point to notice in Fig. 5 is that the mass evolution histories represented in the left and right panels are almost identical within a few percent at least up to z ≃ 1 (that is the maximum redshift at which most observed BCG mass growth factors are reported), and very similar even at higher redshift. From top to bottom we show the evolution of M30, M50 and M10%. It is apparent that along this sequence the assembled mean mass growth (blue solid curve) becomes more and more pronounced. This is partly due to the fact that while the galaxies become more massive and consequently larger, an increasing fraction of their mass is excluded by smaller apertures. Conversely, the created mass growth is very similar in the three cases, indicating that only a mild stellar age gradient is present in the central cluster regions in our simulations.
In the top row M30 evolution is compared to the observational results by Lin et al. (2013) , who studied the stellar mass growth of BCGs in the IRAC shallow cluster. As mentioned in Section 2.2 observational data should be confronted with curves in the right panels, nevertheless we plot them in both panels for sake of comparison. Lin et al. (2013) estimated the BCG mass within a redshift-independent aperture of 32 kpc (physical). As such, their masses can be in principle directly compared to our evolution of M30. At different redshifts they used samples of clusters that have been selected in such a way to mimic an evolutionary sequence. In order to facilitate the comparison between data and simulation mass growth, we rescaled Lin et al. (2013) BCG masses upward by a factor 1.23 to match their lowest redshift bin with our assembled mass curve. Note that their typical cluster mass is about a factor four smaller than ours, which justifies their somewhat smaller median BCG mass at low redshift. For the same reason it is conceivable that going down in redshift, the 30 kpc apertures exclude a mass fraction that increases faster in our sample than in the observed one. In this sense, it could be more appropriate to compare the relative growth measured by Lin et al. (2013) with that predicted by our simulations within a somewhat larger aperture, such as M50, shown in the middle row of Fig. 5 . Independently of these details, a reasonable agreement between simulated and observed mass assembly is apparent from the figure, in particular concerning the very limited growth at z 0.5. Also Zhang et al. (2016) estimated a growth factor for the BCG masses within 32 kpc; they found this factor to be 1.35, very similar to our median value of 1.3 within 30 kpc (see Table 2 under the GMM label). However, the value reported by Zhang et al. (2016) refers to significantly less massive clusters.
More recently Bellstedt et al. (2016) compared masses of BCGs in four redshift bins from 0.18 to 0.95. The subsamples of clusters in each bin were selected to have match-ing mass distribution, extrapolated to z = 0 by means of a growth history derived from simulations, with respect to one reference bin. They used as reference either the bin centered around z = 0.18 or z = 0.35. This choice was done again in the effort of comparing BCGs in clusters that can be regarded as belonging to an evolutionary sequence. Their determinations of the mass ratio between three higher redshift bins and that centered at 0.18 are compared to the growth of M50 in the middle row of Fig. 5 . We use the 50 kpc aperture in this case because Bellstedt et al. (2016) estimated masses from luminosities computed with MAG_AUTO, which according to Stott et al. (2010) are well approximated by 50 kpc fluxes for BCGs. The observational estimates have been rescaled to the median mass of our simulated sample at z = 0.18. Bellstedt et al. (2016) did the same when comparing to other models and observations. Our simulations reproduce very well the mild mass increase of BCGs below z ≃ 1 suggested by these observational results.
At late times z 0.5 our simulated BCGs are characterized by very little mass growth, in agreement with some observational works (e.g. Lin et al. 2013; Oliva-Altamirano et al. 2014; Inagaki et al. 2015) .
We remark also that some estimates of the BCG mass growth via mergers, based on counting companion galaxies that are likely to merge with the BCG by the present time, point to a moderate growth by means of this growth channel for z 0.8 (e.g. Liu et al. 2009; Burke et al. 2015) .
The GMM factors in the redshift range z = 0 to 4 obtained for BCGs residing in the progenitor clusters can be obtained from the analytic representations given by 1/GMM 30 (T) = 1.045 − 0.045 × 1.283
where T is the lookback time in Gyr. The corresponding mass evolutions normalized to the BCG mass at z=0 are shown in Figure 6 . In this figure, the mass growth found in our simulated BCGs is also compared with those published for a few semianalytical and semi-empirical models. While the growth of "total" BCG mass predicted by De Lucia & Blaizot (2007) SAM is much stronger than that of M50 or M30, it closely resembles that of M10% 2 . In particular, the median M10% growth from z = 1 to z = 0 turns out to be 3.5 or 3.6 (Table  2 under the GMM label), almost identical to that reported in the mentioned work. Note that the results of this SAM refers to the high mass end of the cluster mass function, like our simulations. However, the similarity of the relatively fast growth should not be over-interpreted, in that it is due to entirely different reasons. In the former case it is largely driven by the time increase of the radius within which we are computing masses. This radius, shown in Fig. 7 , is large enough to comprise all the galaxy light at low redshift, still without substantial contribution from the ICL, while excluding an increasing fraction of the galaxy at higher and higher redshift. To assess this, we have computed surface brightness maps of the BCG region of our simulated clusters at redshift 0, 1 and 2. We used the same procedure described by Cui et al. (2014) when studying the ICL component in a previous version of our simulations. The radius at which our simulated BCGs drop to a rest frame surface brightness of µ B ∼ 25 mag arcsec −2 (or µ V ∼ 24 mag arcsec −2 ) is on average 130, 110, and 100 kpc at redshift 0, 1 and 2 respectively. This brightness threshold is a classical operational value to define the galaxy limit (de Vaucouleurs et al. 1991) , which tends to underestimate the real extension (Feldmeier et al. 2004 , and references therein). An inspection to Fig. 7 thus confirms that M10% can be regarded as a reasonable proxy of the "total" simulated BCG mass in the local universe, but progressively underestimates it at higher z. Moreover, we verified that the fraction of M10% contributed by regions fainter than µ V ∼ 25 mag arcsec −2 never exceeds a few percent at z = 0, and it is totally negligible at z = 1 and 2. The latter surface brightness limit is close or more often somewhat brighter than the typical thresholds used to identify the ICL both in observations (e.g. Feldmeier et al. 2004; Zibetti et al. 2005; Krick et al. 2006; Krick & Bernstein 2007; Montes & Trujillo 2018) as well as in simulations (e.g. Rudick et al. 2011; Cui et al. 2014) . Thus in our simulations 0.1R 500 never includes any important ICL contribution. On the other hand, the fast growth of the total BCG mass predicted by the De Lucia & Blaizot (2007) SAM is likely related to the absence of any treatment for the late development of the ICL, which once included slows down the late growth of the BCG component. Model computations agree that the ICL component begins to be important at z 1 (see also Monaco et al. 2006; Murante et al. 2007 ). In particular Contini et al. (2014) introduced in the same SAM used by De Lucia & Blaizot (2007) several possible prescriptions for the formation of the ICL component. The dark gray region in Fig. 6 covers the various evolutionary paths of the BCG mass (without ICL) for all the different models for the ICL formation considered by Contini et al. (2014) . We remark that their results are averaged over a range of halo masses extending to significantly lower values than ours. In any case, it can be seen that the inclusion of the ICL makes the mass evolution of BCGs much weaker. As such, the BCG mass growth turns out to be much closer to both the growth implied by the data reported in Fig. 5 , and the growth predicted by our simulations within fixed physical apertures.
We also show in the figure the BCG mass evolution predicted by the semi-empirical sub-halo abundance model put forward by Shankar et al. (2014 Shankar et al. ( , 2015 . In this class of computations most galaxy properties along the merger tree of the central galaxy are constrained by means of empirical relationships. As for the central galaxy, this is done until a major merger occurs. The purpose is to elucidate the role of mergers in determining the size and mass evolution of central galaxies, under different assumptions on their modality. The reference model by Shankar et al. (2015) , which we plot for the same halo mass range of our simulated BCGs (Shankar 2018, private communication) , features an evolution in between that of our M50 and M10%. Shankar et al. (2015) favored a model without stripping and with parabolic orbits 9.5 ± 2.0
for satellite mergers, in order to maximize the predicted size evolution. With these choices, the mass evolution is maximized as well.
In conclusion the strong dependence of the assembly history on the adopted mass definition highlights that comparisons between SAM and observations are not straightforward and should be done with proper care.
The individual M50 and M10% mass gains between z = 0 and z = 1 for all the simulated BCGs in the main progenitor clusters are plotted in Fig. 8 as a function of BCG mass. The medians of these growth factors along with those corresponding to the redshift range 0-2 are reported in Table 2 under the MGF labels. No significant differences with respect to the GMM factors mentioned above is evident. We note a mild positive correlation of the mass growth with the mass of the BCG when considering M30 and M50 with Pearson correlation coefficients 0.35 and 0.33 respectively.
To the best of our knowledge, there are no specific studies based on hydrodynamical simulations devoted to investigate the mass growth of BCGs. However also Martizzi et al. (2016) reported a moderate mass growth since z = 1 in their AMR simulations of 10 galaxy clusters with M vir ≃ 10 14 M ⊙ , with a growth factor 2 within 50 kpc.
In Situ and Ex Situ Star Formation
The star formation histories of the simulated BCGs feature typically a fluctuating behavior around ∼ 30 M ⊙ yr −1 from z ≃ 0.1 to z ≃ 1, with hints of a decrease over the last Gyr and a clear increase above z ∼ 1. Fig. 9 shows the evolution of the median specific star formation of the BCGs in the main progenitor of the z = 0 cluster. This is compared to the recent observational estimates of Bonaventura et al. (2017) , McDonald et al. (2016) and Hoffer et al. (2012) which include IR data. These observational estimates show some level of disagreement among them, well above the quoted errors. Nevertheless, they seem to indicate that simulated BCGs lack intense enough SF at high redshift, while possibly exhibiting an excess of residual SF at low redshift. The first point is reminiscent of what we already noticed in Granato et al. (2015) , when comparing with the observed Herschel fluxes of candidate high-redshift protoclusters. However in that case the focus was on a much more extended region than just the BCG progenitor.
It is worth studying the contribution of this in situ star formation to the total assembled and created mass. Fig. 10 Figure 9. Evolution in time of the median specific star formation rate inside 50kpc for BCGs in the main progenitor clusters, compared to observational results. The shaded area enclose the 16% and 84% percentiles.
compares the median M50 gain due to SF occurring in the main progenitor of the BCG (in situ SF, black dotted line) with the median global mass gain ("Assembled", blue solid line) and with the median mass increase of all the star particles that end up in the BCGs at z = 0 ("Created", red dashed line). All these rates are computed in bins of 2 Gyr in lookback time. For the sake of a proper comparison with the in situ SF, the latter two are computed using the initial mass of the stellar particles, that is ignoring the mass loss due to stellar evolution (NSE meaning No Stellar Evolution). At first sight it could seem surprising that sometimes the in situ star formation slightly exceeds the created mass gain. However it should be kept in mind that the latter refers to the star formation of the particles that end up in the inner 50kpc of the BCGs. Depending on the dynamical history, a certain fraction of the stellar particles formed in situ can leave later the very central region of the cluster.
By inspecting the solid blue line in Fig. 10 , it can be recognized that from z = 4 to z 0.2 about 20% to 30% of the increase of the assembled mass is due to in situ SF. The comparison of the other two lines tells us that the in situ SF can account for an important fraction of the stars that were born in the last 10 Gyr and ended up in the z = 0 BCG. On the other hand, at earlier times, when all the rates were higher, the contribution of the in situ SF was much less important. Actually at high redshift there are often other star forming progenitors having similar or even higher masses than that in the main progenitor branch.
By the end of the evolution the in situ SF produced typically an amount of mass close to 1/3 of the M50 mass of BCGs. Between z = 2 and z = 1 we find a median growth due to in situ star formation of ∼ 25%, in good agreement with the observational estimate of ∼ 20% reported by Zhao et al. (2017) .
SUMMARY
This work was devoted to analyze the mass growth of BCGs that form in a set of 24 zoom-in simulations of massive galaxy clusters with M 500 > 7 × 10 14 M ⊙ . These simulations include sub-resolution description of star formation, stellar feedback and AGN feedback. Our results turns out to be in broad agreement with most recent observational results and can be summarized as follows:
• The final masses of our simulated BCGs as a function of cluster mass are in reasonable agreement with observations. They turn out to be smaller by a factor 2 to 3 than those predicted by recent state of the art galaxy cluster simulations (Bahé et al. 2017; Pillepich et al. 2017) . A few tests we performed at 3 times higher mass resolution resulted into final BCG masses differing by less than 10% from our standard resolution runs, without any systematic trend for a mass increase or decrease at higher resolution.
• We have constructed mass growth histories up to z = 4 for the stellar mass within 30 kpc and 50 kpc, and within 10% of the R 500 . For this purpose, we followed back in time both the main progenitor of the final BCGs, and the BCG residing in the main progenitor of the z = 0 clusters. In principle the latter choice is more suitable for comparison with estimates of the growth factors coming from observations. However we found only minor differences at least up to z ∼ 1.5, that is in the redshift regime to which most data refer. Analytic prescriptions for the growth histories are given in Equation 2.
• In concordance with some observational works (e.g. Lin et al. 2013; Oliva-Altamirano et al. 2014; Inagaki et al. 2015) we find very little growth for the stellar mass (within 30 and 50 kpc) up to z ∼ 0.5. Up to z = 1 the growth factors we find increase with the aperture. Our median mass growths by a factor 1.3 and 1.6 for M30 and M50 respectively are in good agreement with the most recent observations adopting similar or equivalent apertures (e.g. Lin et al. 2013; Zhang et al. 2016; Bellstedt et al. 2016 ).
• These growth factors are significantly smaller than those found in the SAM by De Lucia & Blaizot (2007) , which turns out to be similar to the one we find for the stellar mass within a fraction of 10% of the R 500 . That SAM describes the evolution of the "global" BCG stellar mass and moreover does not include any treatment of the development of the ICL. The relatively fast mass growth within 0.1R 500 is instead mostly driven by time increase of this radius (Figure 7) . The strong dependence of the assembly history on the adopted mass definition highlights that comparisons between SAM and observations are not straightforward and should be done with proper care.
• Half of the star particles that end up in the inner 50 kpc of the BCGs was typically already formed by redshift ∼ 3.7. On the contrary the assembly of half of the stellar mass of the BCG occurs on average at lower redshifts ∼ 1.5. This assembly redshift shows a positive correlation with the mass that the cluster attained at high z 1.3, and an anticorrelation with aperture.
• The typical formation history of the BCG can be broadly divided into two phases. At z 2, the contribution of the in-situ (i.e. main progenitor) SF is minor compared to the global SF occurring in all the progenitors that end up into the local BCG. In this high redshift regime other progenitors compete and may surpass in mass the main one. On the contrary, going to lower redshift when the global SF rapidly decreases by about one order of magnitude the insitu star formation accounts for more than half of the total. Nonetheless, in this phase, accretion of stars formed elsewhere is the main channel of the BCG mass gain (except in the last ∼ 2 Gyr). By the end of the evolution the in situ SF produced typically an amount of mass close to 1/3 of the M50 mass. Modulo the still important observational uncertainties, simulated BCGs could lack intense enough SF at high redshift, while possibly exhibit an excess of residual SF at low redshift.
It is interesting to note that both the decrease of the assembly redshifts and the increase of the mass growth factors with the aperture are compatible with the inside-out scenario. This suggests that most of the late mass growth of BCGs occurs typically by means of minor mergers or diffuse accretion rather than major mergers. The contribution of minor/major mergers to the late mass growth of BCGs is still a debated issue in observational works using the pair fraction as a proxy for merger rates (e. Burke et al. 2015; Groenewald et al. 2017) . We plan to analyze in detail the contribution of the different growth channels both to the BCG and ICL growth with a future higher resolution set of simulations.
